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ABSTRACT
In this paper, we introduce the concepts of Neutrosophic a7z g Homeomorphisms and Neutrosophic i — ax
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I. Introduction

The concept of fuzzy sets, introduced by zadeh[15] in 1965, allow each element to have a degree of membership.
This concept was expanded by K. Atanassov [1] in 1986 with the introduction of Intuitionistic Fuzzy sets, which
assign both a degree of membership and a degree of non-membership to each element. Florentin Samarandache[4]
introduced Neutrosophic Sets as a further generalization, which adds more flexibility. Later, A.A. Salama and S.A.
Albowi[5] extended the idea by developing Neutrosophic Topological Spaces.

In this paper we introduce of Neutrosophic a7 ghomeomorphisms and Neutrosophic i — @z ghomeomorphisms.

II. Preliminaries

Definition 2.1:
Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object having the form A4

= {<x, U (x),0,(x),v, (x)>:x € X}where u,(x),0,(x)andv (x)represent the degree of membership, degree of

indeterminacy and the degree of non-membership respectively of each element x € X to the set A.
A neutrosophic set 4= {<x, M, (x),0,(x),v, (x)> :x € X} can be identified as an ordered triple < M0,V A>

in]_(),l+ [ on X.

Definition 2.2:
For any two neutrosophic sets A= {<x, M, (x),0,(x),v, (x)> :xe X} and

B= {<x, Uy (X),0,(x),vy (x)> :x € X} we may have,

l. Ac B u,(x)Suz(x),0,(x)<oz(x),v, (x)2vy(x)Vxe X

2. AnB= {<x, 1y (X) A pp(x),0 () ANOR(x),V,(X) VvV, (x)> | x e X}

3. AuB= {<x7/’lA(x)v:uB(x)9GA(x)v O-B(x):VA(X)/\VB(x)> | x e X}
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C
4. A" = {<x,vA(x),l—0'A(x),,uA(x)> |x e X}

Definition 2.3:
A Neutrosophic topology (NT) on a non-empty set X is a family 7, of neutrosophic subsets in X satisfies
the following axioms:
(NT1))  0,.1, ey
(NT2) W, nW, et, forany W,,W, et
(NTz)  UW, e VW, jelicrt,
In this case the pair (X, T N) is a neutrosophic topological space (NTS) and any neutrosophic set in 7 is known as
a neutrosophic open set (NOS) in X . A neutrosophic set 4 is a neutrosophic Closed set (NCS) if and only if
complement A€ is a neutrosophic open set in X.
Here the empty set 0, and the whole set 1,, may be defined as follows:
©) 0, ={x00]):xex}
() 1y ={xLL0):xe X}
Definition 2.4:
Let (X, TN) beaNTSand 4= {<x, U, (x),0,(x),v, (x)> :x € X} beaNSin X. Then the neutrosophic interior
and the neutrosophic closure of 4 are defined by
Nint(A)=U{H : Hisan NOS in X H c 4}
NCI(A)=n{M :MisanNCSinX Ac M }
Definition 2.5:
AnNS 4= <X,ﬂA,GA,VA> in an NTS (X,TN) is said to be an

(1) Neutrosophic regular closed set(NRCS in short) if 4 = Ncl(N int( 4)),
(i1) Neutrosophic « closed set(N « CS in short) if Ncl/(N int(Ncl(A))) < A,
(ii1) Neutrosophic semi closed(NSCS in short) if Nint(Ncl(A)) < A,
(iv)Neutrosophic Pre closed(NPCS in Short) if Ncl/(N int(A4)) < A,
(v) Neutrosophic Generalized closed set(NGCS in short) if Nc/(A) c U whenever A cU and U is an
NOS in (X,z,),
(vi) Neutrosophic Generalized Semi closed set(NGSCS in short) if Nsc/(4) c U whenever 4 c U and
U isan NOS in (X,7,),
(vil) Neutrosophic Generalized pre closed set(NGPCS in short) if Npcl(4) c U whenever 4 c U and U
isan NOS in (X,z'N),

The complements of the above mentioned Neutrosophic closed sets are called their
Neutrosophic Open sets.
Definition 2.6:

AnNS 4= <x, MO 4V A> in an NTS (X, Z'N) is said to be an Neutrosophic 7 Open set (N 7z OS in short) if

A 1s a finite union of Neutrosophic Regular open sets.
Definition 2.7:

Let 4 be an NTS (X, TN). Then the « -interior of 4 (aint(A) in short) and the « -closure of 4 (ac/(A)
in short) are defined as
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Naint(4) = U{ (H:HisanNa OS in X H c 4},

Nacl(Ay=n{M :MisanNaCSinX Ac M }.

Definition 2.8:

Let A=<X,ﬂA,GA,VA> in an NTS (X,TN) is said to be an

i.  Nacl(4)= AU Nel(N int(Ncl(A))),
ii.  Naint(4)= A Nint(Ncl(N int(A))).

Definition 2.9:

AnNS A in (X, Ty ) is said to be an Neutrosophic ar Generalized closed set (N az GCS in short)

if Nacl(4) cU whenever AcUandU is N # OS in (X, Z'N). Here the family of all Nax GCS of an NTS
(X, TN)iS denoted by N az GCS (X, TN) :
Definition 2.10:

il.

1il.

A mapping g, Z(X,Z'N)—> (Y,n,) is said to be

Neutrosophic Continuous mapping if g Nfl (V) is Neutrosophic closed set in (X, T N) for every Neutrosophic
closed set V' of (Y,77,),

Neutrosophic Pre Continuous mapping if gN_l(V) is Neutrosophic Pre closed set in (X, rN) for every
Neutrosophic closed set V' of (¥,77,),

Neutrosophic Semi Continuous mapping if g Nfl(V) is Neutrosophic Semi closed set in (X, TN) for every

Neutrosophic closed set V' of (¥,77, ),

iv.  Neutrosophic Regular Continuous mapping if ngl (V) is Neutrosophic Regular closed set in (X, TN) for
every Neutrosophic closed set V' of (Y,7,),
v.  Neutrosophic ¢ Continuous mapping if gN_1 (V) is Neutrosophica closed set in(X, rN) for every
Neutrosophic closed set V' of (Y,7,).
Definition 2.11:
A mapping g, : (X,Z'N) — (Y,n,) is said to be
i.  Neutrosophic Closed mapping if g, (V')is Neutrosophic closed in (¥,7, ) for every Neutrosophic closed V'
of (X, Z'N).
ii.  Neutrosophic Pre Closed mapping if g, (V)is Neutrosophic Pre closed in (¥,7, ) for every Neutrosophic
closed V' of (X,TN).
iii.  Neutrosophic Semi Closed mapping if g, (V')is Neutrosophic Semi closed in (¥,7,,) for every Neutrosophic
closed V' of (X,rN).
iv.  Neutrosophic Semi Pre Closed mapping if g, (V)is Neutrosophic Semi Pre closed in (¥,7,)for every
Neutrosophic closed V' of (X, z'N).
v.  Neutrosophic ¢ Closed mapping if g, (V)is Neutrosophic & closed in (¥,7,)for every Neutrosophic

closed V' of (X,TN).
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vi.  Neutrosophic Regular Closed mapping if g, (V)is Neutrosophic Regular closed in (Y,7,)for every

Neutrosophic closed V' of (X,rN).

vii.  Neutrosophic Generalized Closed mapping if g, (V')is Neutrosophic Generalized closed in (Y,7, ) for every
Neutrosophic closed V' of (X,TN).

viii.  Neutrosophic Generalized Semi Closed mapping if g, (V)is Neutrosophic Generalized Semi closed in

(Y,1,) for every Neutrosophic closed V' of (X, TN) :

Definition 2.12:
Let g, be a bijective mapping from an NTS (X, TN) into an NTS (Y,7,). Then g, is
said to be an
1. Neutrosophic homeomorphisms if g, and g Nfl are Neutrosophic continuous mappings,

ii.  Neutrosophic &« homeomorphisms if g, and g Nfl are Neutrosophic & continuous mappings,

iii.  Neutrosophic Generalized homeomorphisms if g, and g Nfl are Neutrosophic Generalized
continuous mappings,

iv.  Neutrosophic Generalized Semi homeomorphisms if g, and g Nfl are Neutrosophic Generalized
Semi continuous mappings,

v.  Neutrosophic Generalized Semi Pre homeomorphisms if g, and g Nfl are Neutrosophic Generalized

Semi Pre continuous mappings.
Definition 2.13:
An NTS (X, T N) is said to be an Neutrosophic aral),,(Naral,,, inshort) space if every NaaGCS in X
isan NCSin X .

Neutrosophic 77 Homeomorphisms in Neutrosophic Topological Spaces
In this section we introduce Neutrosophic a7zg homeomorphisms and study some of its properties.
Definition 3.1:
A bijective mapping g, : (X , T N) — (Y,n,) 1is called an Neutrosophic g homeomorphism (N arzg

homeomorphism in short) if g, and g Nfl are N az g continuous mappings.
Example 3.2:

Let X ={a,b}, Y =1{u,v} and W, =(x,(0.5,0.6,0.3),(0.2,0.5,0.4)) W, =(1,(0.4,0.5,0.6),(0.3,0.5,0.5)) . Then
Ty = {O vl N}and Ny = {0 vl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy :(X, Z'N)—> (Y,ny) by f(a)=u and f(b)=v. Then g, is an Nazg continuous mapping and gN_1 is also
an N azg continuous mapping. Therefore the bijective mapping g, is an N @zg homeomorphism.
Theorem 3.3:

Let gy :(X , Z'N) — (Y,n7,,) be a bijective mapping from an NTS X into an NTS Y. Then the following
conditions are equivalent:

1. gy is an Neutrosophic homeomorphisms,

ii. g, 1s an Neutrosophic mapping and g, is an Neutrosophic open mapping,

voo -1 . N .
iii. g, and g, are Neutrosophic continuous mappings.
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Proof:
(i) = (ii): It is obviously true.
(ii) = (iii): Let g, is an Neutrosophic open mapping. Thatis g, (V) isan NOS in Y for each NOS Vin X . Now

define a mapping nglz (Y,n) > (X,7). By hypotheses, for every NOS A in X, we have ngl (V) is an NOS in

Y. Hence gN_1 is an Neutrosophic continuous mapping. That is g, and gN_1 are Neutrosophic continuous
mappings.

(iii)=>(i): Let gy and g N_l are Neutrosophic continuous mapping. Since g N_l: (Y,n) —> (X,7) is an Neutrosophic
continuous mappings, gy :(X , Z'N) — (Y,n,) is an Neutrosophic open mapping. Hence g, is an Neutrosophic

homeomorphism.
Theorem 3.4:
Every Neutrosophic Homeomorphism is an N @7g homeomorphism but not conversely.

Proof:
Let gy :(X ,TN)—)(Y ,7y) be an Neutrosophic homeomorphism. Then g, and ngl are Neutrosophic

continuous mappings. This implies g, and ngl are Nazmg continuous mappings. That is g, is an Narg

homeomorphism.
Example 3.5:

Let X ={a,b}, ¥Y={u,v} and W, =(x,(0.4,0.5,0.6).(0.3,0.50.7)) W, =(y,(0.7,0.2,0.1).(0.8,0.9,0.2)) .
Then 7, = {ON,WI,I N}and Ny = {0 vl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy :(X,TN)—>(Y,77N) by f(a)=u and f(b)=v. Then ngl(V) is not an NCS in X . Therefore g, is notan
Neutrosophic continuous mapping. Therefore the bijective mapping g, is not an Neutrosophic Homeomorphism.
But g, isan Nazg continuous mapping and g Nfl is also an Nazwg continuous mapping. Therefore the bijective

mapping g, is an N azg homeomorphism.

Theorem 3.6:
Every Neutrosophic ¢ Homeomorphism is an N a7zg homeomorphism but not conversely.

Proof:
Let gy :(X , TN)—) (Y,n,) be an Neutrosophic ¢ homeomorphism. Then g, and ngl are Neutrosophic «

continuous mappings. This implies g, and gN_1 are Nazg continuous mappings. That is g, is an Narg

homeomorphism.
Example 3.7:

Let X ={a,b}, ¥Y={u,v} and W, =(x,(0.3,0.50.7),(0.2,0.5,0.7)) W, =(y,(0.4,0.3,0.2),(0.6,0.8,0.3)) .
Then 7, ={0N,Wl,1N}and Ny = {ON,WZ,I N} are NTSs on X and Yrespectively. Define a bijective mapping
gy :(X,TN)—>(Y,77N) by f(a)=u and f(b)=v. Then ngl(V) isnotan Na CS in X . Therefore g, isnotan
Neutrosophic « continuous mapping. Therefore the bijective mapping g, is not an Neutrosophic «
Homeomorphism. But g, is an Nazg continuous mapping and ngl is also an Nazxg continuous mapping.

Therefore the bijective mapping g, is an Nazg homeomorphism.

Theorem 3.8:
Every Neutrosophic Generalized Homeomorphism is an N a@7zg homeomorphism but not conversely.

Proof:
Let gy :(X ,TN)—)(Y ,17y) be an Neutrosophic Generalized homeomorphism. Then g, and g,  are
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Neutrosophic Generalized continuous mappings. This implies g, and g N_l are Narng continuous mappings.

That is g, is an Nazg homeomorphism.
Example 3.9:

Let X ={a,bf, ¥={u,v} and W, =(x,(0.3,0.50.2),(0.2,0.50.1)) W, =(1.(0.4,0.5,0.2),(0.2,0.5,0.2)) .
Then 7, ={0N,Wl,1N}and Ny = {ON,WZ,I N} are NTSs on X and Yrespectively. Define a bijective mapping
gy Z(X,Z'N)—> (Y,ny) by f(a)=u and f(b)=v. Then gN_l(V) isnot an NGCS in X . Therefore g, is notan
Neutrosophic G continuous mapping. Therefore the bijective mapping g, is not an Neutrosophic Generalized
Homeomorphism. But g, is an Nazg continuous mapping and ngl is also an Nazxg continuous mapping.

Therefore the bijective mapping g, is an Nazg homeomorphism.

Remark 3.10:
An N arg homeomorphism is independent of an NGS homeomorphism.

Example 3.11:

Let X ={a,b}, ¥Y={u,v} and W, =(x,(0.7,0.8,0.3),(0.6,0.2,0.3)) W, =(»,(0.3,0.4,0.6),(0.5,0.7,0.4)) .
Then 7, = {ON,WI,I N}and Ny = {O vyl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy Z(X,Z'N)—> (Y,ny) by f(a)=u and f(b)=v. Then gN_l(V) is not an NGSCS in X . Therefore g, is not
an Neutrosophic GS continuous mapping. Therefore the bijective mapping g, is not an Neutrosophic Generalized
Semi Homeomorphism. But g, isan Nazg continuous mapping and g Nfl is also an Nazxg continuous mapping.

Therefore the bijective mapping g, is an Nazg homeomorphism.

Example 3.12:

Let X ={a,b}, Y=1{uv} and W, =(x,(0.8,0.50.5).(0.7,0.50.3)) W, =(»,(0.5,0.5,0.6),(0.4,0.5,0.4)) .
Then 7, ={0N,Wl,1N}and Ny = {ON,WZ,I N} are NTSs on X and Yrespectively. Define a bijective mapping
gy :(X,TN)—>(Y,77N) by f(a)=u and f(b)=v. Then ngl(V) isnot an Nazg CS in X. Therefore g, is
not an an N a7zg continuous mapping. Therefore the bijective mapping g, is not an an N @zrg Homeomorphism.
But g, is an NGS continuous mapping and g Nfl is also an NGS continuous mapping. Therefore the bijective

mapping g, is an NGS homeomorphism.

Remark 3.13:
An Narg homeomorphism is independent of an NGSP homeomorphism.

Example 3.14:

Let X ={a,b}, ¥ = {u,v} and W, =(x,(0.3,0.3,0.7),(0.8,0.5,0.1)) W, =(y,(0.7,0.7,0.2),(0.9,0.8,0.6)) . Then
Ty = {O vl N}and Ny = {0 vl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy (X, Z'N)—> (Y,ny) by f(a)=u and f(b)=v. Consider an NS K =(x,(0.4,0.4,0.3),(0.9,0.6,0.1)) is an NCS in
Y. Then g N_I(K ) is not an NGSPCS in X . Therefore g, is not an Neutrosophic GSP continuous mapping.
Therefore the bijective mapping g, 1s not an Neutrosophic Generalized Semi Pre Homeomorphism. But g, is an
Narg continuous mapping and g Nfl isalsoan N azg continuous mapping. Therefore the bijective mapping g,

is an N azrg homeomorphism.
Example 3.15:
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Let X ={a,b}, ¥ ={u,v} and W, =(x,(0.9,0.5,0.5).(0.8,0.50.3)) W, =(1,(0.5,0.5,0.7),(0.3,0.5,0.3)) .

Then 7, = {ON,WI,I N}and Ny = {0 vl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy :(X,TN)—>(Y,77N) by f(a)=u and f(b)=v. Then ngl(V) isnot an Nazg CS in X. Therefore g, is
not an an N azg continuous mapping. Therefore the bijective mapping g, is not an an N @zrg Homeomorphism.
But g, is an NGSP continuous mapping and g Nfl is also an NGSP continuous mapping. Therefore the bijective

mapping g, is an NGSP homeomorphism.
Theorem 3.16:
Let g :(X, TN)—) (Y,n,) be an Nazg homeomorphism if X and Y are NarzaT;,, space.

Proof:
Let Vbe an NCS in Y. Since g, is an Nazg homeomorphism, g, is an Na7zg continuous mapping.

Therefore gN_1 (V) isan Nazg CSin X. Since X isanNaraT,,, space, gN_1 (V)isanNCS in X. Hence g,
is an Neutrosophic continuous mapping. Let D be an NCS in X. Since g, is an N@7zg homeomorphism, g Nfl is
an N azg continuous mapping. Therefore (gN_l)’1 (D)=gy(D) isan Narg CSin X. Since XisanNaraT,,

space, g,(D) is an NCS in X. Hence ngl is an Neutrosophic Continuous mapping. Therefore g, is an
Neutrosophic homeomorphism.

Neutrosophic I— O71Z Homeomorphisms
In this section, we introduce Neutrosophic i —azg homeomorphisms and study some of their properties.
Definition 4.1:
A bijective mapping g, : (X Ty ) — (Y,n,) is called an Neutrosophic i—a7zg homeomorphism (N
I —ang homeomorphism in short) if g, and g Nfl are NI — azrg irresolute mappings.
Example 4.2:
Let X ={a,b}, ¥ = {u,v} and W, =(x,(0.9,0.5,0.5),(0.8,0.5,0.3)) W, =(»,(0.5,0.5,0.7),(0.3,0.5,0.3))
. Then 7, = {0 /28! N}and Ny = {O oWyl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy (X, Z'N)—> (Y,ny) by f(a)=u and f(b)=v. Then g,is an Narg irresolute mapping and gN_1 is also an N
arg irresolute mapping. Therefore the bijective mapping g, is an Ni —a7g homeomorphism.
Theorem 4.3:
Every Neutrosophic N i — azg Homeomorphism is an N &zg homeomorphism but not conversely.
Proof:
Let g, :(X, z'N)—> (Y,n,) be an Ni—arg homeomorphism. Let /" be an NCS in Y. This implies 7 is an N
ang CS in V. By hypothesis, (ngl)_1 V)=gy(V) Narg CS in X. Hence nglis an N azg continuous
mappings. This implies g, Nazg homeomorphism.

Example 4.4:
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Let X ={a,bf, Y =1{u,v} and W, =(x,(0.4,0.5,0.6),(0.3,0.50.7)) W, =(1,(0.7,0.2,0.1),(0.8,0.9,0.2)) .

Then 7, = {ON,WI,I N}and Ny = {0 vl N} are NTSs on X and Yrespectively. Define a bijective mapping
gy Z(X,TN)—) (Y,ny) by f(a)=u and f(b)=v. Then ngl(V) isnotan Nazg CS in X . Therefore g, isnot
an N azrg irresolute mapping. Therefore the bijective mapping g, is not an Ni —a7g Homeomorphism. But g,

isan N azg continuous mapping and g Nfl isalso an Nazg continuous mapping. Therefore the bijective mapping

gy 1s an Nazg homeomorphism.
Definition 4.5:
Let ¥ be an NS in an NTS (X,7, ). Then azxgcl (V') is defined as
argel(V)=n{D|DisanNazng CSin X and V < D}.

Theorem 4.6:

If the mapping g, : (X, Ty ) — (Y,n,) isan Ni— ang homeomorphism, then omgcl(gN_1 (D)) < gN_1 (acl(D))
forevery NSDin Y.
Proof:

Let Dbean NSin Y. Then ac/(D)is an NaCS in Y. This implies acl/(D)isan Nazrg CSin Y. Since g, is

an Namg  irresolute  mapping, ngl(acl(D)) is an NangCS in X. This  implies
amgel(g, (acl(D)) = g, ' (acl(D)). Now amgel(g, (D)) c amgel(g, (acl(D))) =g, (acl(B)).  Hence

owz;gcl(g]\f1 (D)) c ngl (acl(D)) forevery NSDin Y.
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