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Abstract: Let G = (V, E) be a finite and simple graph with p vertices and q edges. In this
graph we discuss on the analytic odd mean labeling of some duplicate graphs. A graph is
said to be an analytic odd mean labeling graph if there exists an injective function k:V —
{0,1,3, ...,2q — 1} for which the induced edge labeling k*: E — Z such that for each edge ab
with k(a) < k(b) such that
[K(b)z—(K(aHl)z]
2

k*(ab) = if k(a) # 0 isinjective. In this paper we have
y

[%b)zl if k(a)=0
examined on duplicate of Path , Cycle, Wheel , Helm and Comb graph and have proved that
these graphs are analytic odd mean labeling graphs.
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1. Introduction

In this paper we consider only finite and simple graph G with p vertices and q edges. In the
study of graph labeling techniques innumerous labeling techniques were introduced and
many graphs have been proved to hold the labeling conditions and have been compiled by
J.A.Gallian[1]. The graph labeling concepts were initially introduced by Rosa and later
the cordial labeling techniques was introduced by Cahit . Many more researchers have
established on these ideas and carried out their research in various labeling. Analytic Odd
Mean labeling was introduced by P.Jeyanthi et.al [2,3] and have proved the path, cycle,
Complete graph, Wheel graph, complete bipartite graph and Flower graph are analytic odd
mean labeling graphs. Further in their research they proved many other graphs are analytic
odd mean labeling. Motivated towards the labeling technique we further studied various
papers on duplicate graphs [4,5,6] and we in this paper have proved duplicate of Path, cycle,
wheel , Helm and Comb graph to be analytic odd mean labeling graphs.

2. Preliminaries
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Definition .2.1 : Analytic Odd Mean Labeling Graph
A graph G is said to be analytic odd mean labeling graph if there exists and injective
function k: V — {0,1,3, ...,2q — 1} for which the induced edge labeling k*: E — Z
such that for each edge ab with k(a) < k(b) such that k*(ab) =

[K(b)z—(lc(a)ﬂ)z]

2 if k(a) # 0 isinjective.

[%b)z] if k(a)=0
Definition. 2.2 : Duplicate Graphs
For a graph G = (V, E) with vertex set and edge set the duplicate graph is defined as
DG = (V, E,) where the vertex set V; = VUV andVNV' =¢and h:V - V'is
bijective. The edges set E; of DG is defined as a edge ab € E if and only if both
edges ab’, a’b are in E;.

Definition.2.3 : Path graph
A linear sequence of n vertices where edges connect consecutive vertices is called the
path graph P,.
Definition.2.4 : Cycle graph
A closed chain of connected graph is called a cycle graph C,,.
Definition.2.4 : Wheel graph
A wheel graph W,,n > 3, is obtained by joining the vertices of a cycle graph C,, to a
common vertex called the centre. The vertices of degree 3 are called the rim vertices.
Definition.2.5 : Helm graph
A Helm graph H,, is the graph obtained from an n wheel graph by adjoining a pendant
edge at each node of the cycle.
Definition.2.6 : Comb graph
A comb graph P, o K; is a graph in which at each of the vertex of the path graph P, a
pendant edge is connected. The comb graph consists of 2n vertices and 2n-1 edges.

3. Main Results.

Theorem.3.1 : The Duplicate of Path graph DG (P,) is analytic odd mean labeling

graph
Proof: Consider the duplicate of path graph DG (P,) . Let the vertex set
V(G) ={a,y,a,,as,...,a,,a;,a,,as, ..., a,} and edge set

E(G) = {(q;ai41) V (@iaiq),1<i<n-—1}_
Therefore, the duplicate of path graph DG (P,) consists of 2n vertices and 2n-2 edges

Let us define an injective function k: V — {0,1,3, ...,2q — 1}. Let us label the vertices
as follows
k(a;) =0

K(ay) =8i—3 for1<i< [
k(aziz1) =8i+1 for1<i< lnT_l
k(ay)) =3, k(ay) =1,
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K(ahipq) =8i—1 for1 <i< [nT—l

K(ap) =8i+3 for 1<i< |22

Then the induced edge labeling is given as follows

k(a;a;) =1

K(agah,,) =8i—1,for 1<i< [”7‘1

K(@hisr Bairz) =8 +3 for1 < i< |2,

k(ajay;) =5, k(azaz) =39

K(Qyip1 Apip2) =200 +33for1 <i < nT_l, where n is odd

We find the above induced edge labeling satisfies the condition of analytic odd mean
labeling and

hence the duplicate of path graph DG(P,) is analytic odd mean labeling graph.
Hence the proof.

a 1('3 ] a 1’(3)

ad) a (1)
a8 ()
a{13) a/(11)

Fig..3.1.1 Duplicate of Path graph DG(P,)
Theorem.3.2 : The Duplicate of Cycle graph DG (C,,) is analytic odd mean labeling
graph.
Proof: Consider the duplicate of cycle graph DG (C,,). Let the vertex set
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V(G) ={ay,a,,as,...,a,,a1,a3, a3, ..., a,} and the edge set

EG) ={(a;a;41) VU (aiy1a) VU (@,a'1) U (a1ap), 1 <i<n—1}

The duplicate of cycle graph DG(C},)

consists of 2n vertices and 2n edges. Let us define an injective function k:V —

,2q — 1}
Let us label the vertices as follows
k(a;) =0
K(az) =8i—3 for1<i< |==
k(ayi;1) =8i+1 for1<i < [nT_l ,
k(ai1) =3, k(a;) =1,
k(ayy,) =8i—1forl1<i< [”T_l ’
K(ap) =8i—5 for2<i< |7,
Then the induced edge labeling is obtained as follows
k(a;a;) =1
K(azysy) =8i— 1, for 1<i< |~
K(azie1@'2i42) = 8i +3 forl < i< |=*
k(aia) =5, x(ayaz) =39
K(hiss Qzivz) = 200 +33 for 1 < i < |2

(4-11—3))2—16]

K(anai) = >

K(aay) = [“22]

We find the above induced edge labeling satisfies the condition of analytic odd mean
labeling and
hence the duplicate of cycle graph DG (C,) is analytic odd mean labeling graph. Hence

the proof.
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a1(0) ar'(3)

az(5) a’ (1)
as(9) as'(7)

aq(13) | as'(11)

Fig.3.2.1 Duplicate of Cycle graph DG(C,)

Theorem.3.3: The Duplicate of wheel graph DG (W,) is analytic odd mean labeling
graph.

Proof: Consider the duplicate of wheel graph DG (WW,,) with vertex set

V(G) ={ay,a1,0a5,0as3,...,a,, a5, a1,a3,as, ..., a,} and edge set

E(G) = {(a;aj,,) U (aj,; a;) U (aga;) U (apa;),1 <i<n—1}_ Where the vertex
a, is the

centre of the wheel and aj, is the duplicate of the centre vertex a,. Therefore the number
of vertices

of duplicate wheel graph DG(W,) is 2n + 2 and the number of edges is 4n-2 . Let us
define an

injective function k:V — {0,1,3, ...,2q — 1}. Now let us label the vertices as follows
k(ag) =0 ; k(ag) =1
k(a;) =3 ;5k(ay) =7;k(az) =5
K(ay) =8i+1, 1<i< |2

b

K(azie) =8i+5,1<i< [,
K(ayer) =8i+3, 1<i< |2,

K(ayy) = 8i+7,1<i< |2

Then we can find the induced edges as follows
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K(aiay) =5 1 K(az@z2a) =8i+3 ,1<i< [}
K(azi11 Ai42) =8I+ 7.
k(apay) =9 ; k(azaz) = 67,
K(Agi41 Az142) =400 +33,1<i < EJ
(42 Azi43) = 400 + 53.
k(apgay) = 25 ;
k(aga;) = 13;
(8i+3)2
2
(8i+7)2
2

K(aotyiy) = [P35, 1<i< |77

K(aoahiys) = [5|, 1<i<]
k(ag a;) = 3;
k(ag, ay;) = [%], 1<i< EJ

(8i+5)%-4 , n-1
K(a(,)JazHl):[ 2 ];1S1S [T .
(4n+1))2—49]

—, |

K(aiay) = [@]

We find the above induced edge labeling satisfies the condition of analytic odd mean
labeling and

K(anai) =

hence the duplicate of wheel graph DG (WW},) is analytic odd mean labeling graph. Hence
the proof.
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ao(0)

as(13) 84'(11)

Fig.3.3.1 Duplicate of Wheel graph DG(W ,)
Theorem.3.4 : The duplicate of Helm graph DG (H,,) is analytic odd mean labeling graph.
Proof: Consider the duplicate of Helm graph G= DG (H,,). The vertex set is
V(G) = {ay,ay, ..., an,a3,ay, ..., Ay, Ay, Ag, by, b, ..., by, by, by, ..., by, } and the edge set is
E(G) = {(a;a;,,) VU (aja;+1) U (aga;) U (aga;) U (a;b;) U (a;b;). Therefore the number
of vertices of duplicate of Helm graph is 2n+2m+2 and the number of edges is 6n .
Let us define an injective function k: V — {0,1,3, ...,2q — 1}. Now let us label the vertices
as follows
k(ag) =0 ; k(ap) =1
k(a) =3 ;k(a) =7;K(az) =5
Kay)=8i+1, 1=i< |4
K(azie) =8i+5,1<i< |2
K(ayey) =8i+3, 1<i< |2
K(ayy) = 8i+7,1<i< |2
k(b)) =(@n+4j-1), 1)< |2,

k(b)) =(n+4j+1,1<) < |2
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Then the induced edge labeling is obtained as follows
K(ayay) =5 ; k(a0z141) =8i+3,1<i< [nT_lJ
k(@i Bhiyz) =8i+7.1<i < |7
k(ajay) =9 ; k(azaz) = 67,
K(Ahi4q Ar42) =400 +33,1<i < EJ
K(A)i45 Azi43) =400 +53,1<i < EJ
k(apay) = 25 ;
k(aga,) = 13;
(8i+3)?
k(aoazie1) = [ s ] 1 EJ

k(apQyiiy) = (8127) ] 1<i BJ

I/\
I/\

k(ag a;) = 3;
k(ag, ay;) = [w], 1<i< [EJ

k(ag, azip1) = [M] l=<i< [

k(bia,) = 105;

o) =[] 1 < 2 <
K(b]{a2i+1) _ [(4n+4j—1)22—(8i+6)2], l<i< [nT_lJ, 2<j< l%J

k(b;a;) = 113 ; k(bya;) = 203
i 2_(qai 2
K(bja,2i+1) _ (411+41+1)2 (8i+4) ] 1<i< [_J 3<
i 2_(qai 2
K(bja'sz) _ [(411+4]+1)2 (81+8)] 1<i <[ J 3 <j
, (4n+1))%-49
k(a,a;) = %]
N (4n-1)2-9 . n
wlaray) = [ 1<i<f]
We find the above induced edge labeling satisfies the condition of analytic odd mean
labeling and

=[5l
=[5l

1<i<|Y

hence the duplicate of helm graph DG (H,,) is analytic odd mean labeling graph. Hence
the proof.
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b1 (0) 61 ar(3) b3(17) @
b2(19)@ ] a a7 (1) Fastor—8b2(21)

‘ £
as(9) |
b b'4(29)

as(13) a4'(11)

Fig.3.4.1 Duplicate of Helm graph DG(H,)

Theorem.3.5 : The duplicate of comb graph DG (P, © K;) is analytic odd mean labeling
graphs.

Proof: Consider the duplicate of comb graph G = DG (P, o K;). The vertex setis V(G) =
{a,...,a,, a1, a5, ...,a5,by, by, bs, ..., byby, by, ..., b} and the edge set is E(G) =
{(a;aj+1) Y (a';a;41 ) U (a;b") U (a}b;). The number of vertices of duplicate of comb graph
is 2n+2m. The number of edges of duplicate of comb graph is 2n+6 . Let us define an injective
function k: V - {0,1,3, ...,2q — 1}. Now let us label the vertices as follows

k(a;) =0

K(ay) =8i-3,1<i<|=
k(az) =8i+1 , 1<i< |t
k(ay) =3, k(az) =1,
K(aye) =8i—1,1<i< Y
K(ap) =8i+3,1<i< |22
K(b})=(4n+4j—5) 1<j<m
k(b)) =@n+4-3) 1<j<m
Then the induced edge labeling is given as follows
k(a;a;) =1

K(agay,,) =8i—1,1<i< |
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k(A4 Q2i42) =8i+3 1<i < EJ
. k(ajay) =5, k(ajas) =39

n

K(@hiss Gainz) = 200433, 1<i<|}
Kby = [AH=]
K(azibf) _ [(4n+4j—512—(8i—3)2]’1 <i< lnT_l
K(“2i+1bf) _ [(4n+4j—5;2—(8i+1)2]'1 <i< BJ
k(ajby) = [“D=7]
k(ahy) = [
K(dgipn by) = [ 0OEDT g << 3<jsm
K(aéi bj) _ [(4n+4j—3)22—(8i+3)2
We find the above induced edge labeling satisfies the condition of analytic odd mean
labeling and

],1Sisn7_1,3SjSm.

hence the duplicate of path graph DG(B,) is analytic odd mean labeling graph.
Hence the proof.

b1 (0) 61 ar(3) by(17) @
b(19)0 ) a a7 (1) 350 $. .o
a1(1) 39
0.3 b’
as(9)
77

Dal b'4(29)

as(13) aq'(11)

Fig.3.5.1: Duplicate of Comb graph DG(P,, o K,)
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4. Conclusion:
In this paper we have identified duplicate graphs of Path, Cycle, Wheel, Helm and Comb
and have proved that these graphs satisfies the condition of analytic odd mean labeling. We
further in our future wish to study on some classes of graphs and prove that they obey
analytic odd mean labeling.
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